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ɍȾɄ 514.3 
 

Ⱥ.ɉ. Ɏɢɥɢɦɨɧɨɜɚ, Ɍ.Ⱥ. ɘɪɶɟɜɚ 
 

ȺɇȺɅɈȽ ɌȿɈɊȿɆ ɊȺɋɉɈɅɈɀȿɇɂə ɁȺɆɄɇɍɌЫɏ ȼЫɉɍɄɅЫɏ ɉɈȼȿɊɏɇɈɋɌȿɃ 
ɋ ɁȺȾȺɇɇɈɃ ɎɍɇɄɐɂȿɃ ȼɇɍɌɊȿɇɇȿɃ ɄɊɂȼɂɁɇЫ  

ȼ ɉɊɈɋɌɊȺɇɋɌȼȺɏ ɉɈɋɌɈəɇɇɈɃ ɄɊɂȼɂɁɇЫ 
 

ȼ ɫɬɚɬɶɟ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɨɞɢɧ ɢɡ ɩɟɪɜɵɯ ɷɬɚɩɨɜ ɜ ɢɫɫɥɟɞɨɜɚɧɢɢ ɞɢɮ-
ɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ Ɇɨɧɠɚ – Аɦɩɟɪɚ ɨɛɳɟɝɨ ɜɢɞɚ – ɭɫɬɚɧɨɜɥɟɧɢɟ 
ɚɩɪɢɨɪɧɵɯ ɨɰɟɧɨɤ ɪɟɲɟɧɢɹ ɷɬɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚ ɫɮɟɪɟ. Ⱦɨɤɚɡɵɜɚɟɬɫɹ 
ɭɬɜɟɪɠɞɟɧɢɟ, ɤɨɬɨɪɨɟ ɜ ɚɧɚɥɢɬɢɱɟɫɤɨɦ ɩɥɚɧɟ ɚɧɚɥɨɝɢɱɧɨ ɬɟɨɪɟɦɟ ɨ ɪɚɫ-
ɩɨɥɨɠɟɧɢɢ ɩɨɜɟɪɯɧɨɫɬɢ, ɡɚɞɚɧɧɨɣ ɝɚɭɫɫɨɜɨɣ ɤɪɢɜɢɡɧɨɣ ɦɟɠɞɭ ɤɨɧɰɟɧ-
ɬɪɢɱɟɫɤɢɦɢ ɫɮɟɪɚɦɢ ɜ ɟɜɤɥɢɞɨɜɨɦ ɬɪɟɯɦɟɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ. 

 
Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɜɨɫɫɬɚɧɨɜɥɟɧɢɟ ɩɨɜɟɪɯɧɨɫɬɢ, ɭɪɚɜɧɟɧɢɟ ɬɢɩɚ Ɇɨɧɠɚ-
Аɦɩɟɪɚ, ɨɬɪɢɰɚɬɟɥɶɧɚɹ ɷɥɥɢɩɬɢɱɧɨɫɬɶ, ɚɩɪɢɨɪɧɵɟ ɨɰɟɧɤɢ.  

 
THE ANALOGUE OF THE THEOREMS OF LOCATION OF CLOSED CONVEБ SURFACES 

АITH A PREDETERMINED FUNCTION OF THE INTERNAL CURVATURE  
IN SPACES OF CONSTANT CURVATURE 

 
TСО КrtТМХО dТsМussОs onО oП tСО ПТrst stОps Тn tСО studв oП dТППОrОntТКХ ОquКtТons oП 
MonРО – AmpОrО РОnОrКХ Пorm, nКmОХв, tСО ОstКЛХТsСmОnt oП К prТorТ ОstТmКtОs oП 
tСО soХutТons oП tСТs ОquКtТon on tСО spСОrО. WО provО tСО МХКТm tСКt tСО КnКХвtТ-
МКХ pХКn Тs sТmТХКr to tСО tСОorОm КЛout tСО ХoМКtТon oП tСО surПКМО dОПТnОd Лв tСО 
GКussТКn МurvКturО oП tСО МonМОntrТМ spСОrОs Тn EuМХТdОКn tСrОО-dТmОnsТonКХ 
spКМО. 
 
KОв аords: tСО rОstorКtТon oП tСО surПКМО, Кn ОquКtТon oП MonРО-КmpчrО tвpО, tСО 
nОРКtТvО ОХХТptТМТtв, К prТorТ ОstТmКtОs. 

 
ɂɡɜɟɫɬɧɨ, ɱɬɨ ɝɟɨɦɟɬɪɢɱɟɫɤɢɟ ɡɚɞɚɱɢ ɜɨɫɫɬɚɧɨɜɥɟɧɢɹ ɩɨɜɟɪɯɧɨɫɬɟɣ ɩɨ ɬɟɦ ɢɥɢ ɢɧɵɦ ɝɟɨɦɟɬ-

ɪɢɱɟɫɤɢɦ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦ ɬɟɫɧɨ ɫɜɹɡɚɧɵ ɫ ɢɫɫɥɟɞɨɜɚɧɢɟɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɨɩɪɟɞɟ-
ɥɟɧɧɨɝɨ ɜɢɞɚ ɧɚ ɦɧɨɝɨɨɛɪɚɡɢɹɯ. 

ɉɪɢɜɟɞɟɦ ɩɪɢɦɟɪ ɡɚɞɚɱɢ ɬɚɤɨɝɨ ɪɨɞɚ. 
ɉɭɫɬɶ ɜ ɬɪɟɯɦɟɪɧɨɦ ɟɜɤɥɢɞɨɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ 3ȿ  ( 3 0

ȿ
К const  ) ɮɢɤɫɢɪɨɜɚɧɵ ɧɟɤɨɬɨɪɚɹ 

ɬɨɱɤɚ Ɉ  ɢ ɫɮɟɪɚ 2
1S  ɟɞɢɧɢɱɧɨɝɨ ɪɚɞɢɭɫɚ ɫ ɰɟɧɬɪɨɦ ɜ ɷɬɨɣ ɬɨɱɤɟ. ɋɮɟɪɚ 2

1S  ɹɜɥɹɟɬɫɹ ɞɜɭɦɟɪɧɵɦ ɦɧɨ-

ɝɨɨɛɪɚɡɢɟɦ, ɚɬɥɚɫ ɤɨɬɨɪɨɝɨ ɦɨɠɧɨ ɜɵɛɪɚɬɶ ɬɚɤ, ɱɬɨɛɵ ɞɥɹ ɥɨɤɚɥɶɧɵɯ ɫɮɟɪɢɱɟɫɤɢɯ ɤɨɨɪɞɢɧɚɬ u , v  
ɜɵɩɨɥɧɹɥɨɫɶ ɧɟɪɚɜɟɧɫɬɜɨ: sТЧ 0u    ɜ ɤɚɠɞɨɣ ɤɚɪɬɟ. 

Ɂɚɞɚɞɢɦ ɮɭɧɤɰɢɸ ɜ  3 / 0ȿ : ТЧЭ ( , , ) ( , , )K u v K u v   ( 2
1( , )u v S , R  ). 

ɉɭɫɬɶ F  – ɩɨɜɟɪɯɧɨɫɬɶ ɜ 3ȿ , ɨɛɥɚɞɚɸɳɚɹ ɫɥɟɞɭɸɳɢɦɢ ɫɜɨɣɫɬɜɚɦɢ: F  – ɪɟɝɭɥɹɪɧɚɹ ɩɨɜɟɪɯ-

ɧɨɫɬɶ; F  – ɜɵɩɭɤɥɚɹ ɝɨɦɟɨɦɨɪɮɧɚɹ ɫɮɟɪɟ 2
1S ; F  – ɡɜɟɡɞɧɚɹ ɨɬɧɨɫɢɬɟɥɶɧɨ ɬɨɱɤɢ Ɉ .  
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ɉɨɜɟɪɯɧɨɫɬɶ F  ɦɨɠɧɨ ɡɚɞɚɬɶ ɜ ɤɨɨɪɞɢɧɚɬɚɯ ,,vu  ɭɪɚɜɧɟɧɢɟɦ: ( , )u v  . 
ȿɫɥɢ ɜ ɤɚɠɞɨɣ ɬɨɱɤɟ ɩɨɜɟɪɯɧɨɫɬɢ F  ɜɧɭɬɪɟɧɧɹɹ (ɝɚɭɫɫɨɜɚ) ɤɪɢɜɢɡɧɚ ɪɚɜɧɚ ɡɧɚɱɟɧɢɸ ɮɭɧɤ-

ɰɢɢ ТЧЭ ( , , ) ( , , )K u v K u v   ɜ ɬɨɣ ɠɟ ɬɨɱɤɟ, ɬɨ ɮɭɧɤɰɢɹ ( , )u v , ɡɚɞɚɸɳɚɹ F , ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɨɬ-

ɪɢɰɚɬɟɥɶɧɨ ɷɥɥɢɩɬɢɱɧɨɝɨ ɭɪɚɜɧɟɧɢɹ Ɇɨɧɠɚ – Ⱥɦɩɟɪɚ ɧɚ 2
1S  Д1Ж: 

 

2 2 2 2 2
2

11 22 12 11 12 22

22 2 2 2 2
2 2 2 2 2

2

sТЧ 22

sТЧ sТЧ
( , , ) (2 sТЧ 2 sТЧ ).

sТЧ

v u v u

u v
u v

u

u u
K u v u u

u

          
  

  
   

 
    

 
   

 (1) 

ȼ ɭɪɚɜɧɟɧɢɢ (1) 11 , 12 , 22  – ɜɬɨɪɵɟ ɤɨɜɚɪɢɚɧɬɧɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ( , )u v   ɨɬɧɨɫɢɬɟɥɶɧɨ 

ɦɟɬɪɢɤɢ 2
1S , sТЧ 0u  . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɡɚɞɚɱɚ ɜɨɫɫɬɚɧɨɜɥɟɧɢɹ ɩɨɜɟɪɯɧɨɫɬɢ F  ɜ 3ȿ  ɫ ɡɚɞɚɧɧɨɣ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɯɚ-
ɪɚɤɬɟɪɢɫɬɢɤɨɣ – ɝɚɭɫɫɨɜɨɣ ɤɪɢɜɢɡɧɨɣ – ɫɜɨɞɢɬɫɹ ɤ ɜɵɹɜɥɟɧɢɸ ɞɨɫɬɚɬɨɱɧɵɯ ɭɫɥɨɜɢɣ ɨɞɧɨɡɧɚɱɧɨɣ 
ɪɚɡɪɟɲɢɦɨɫɬɢ ɭɪɚɜɧɟɧɢɹ (1). 

Ɉɞɧɢɦ ɢɡ ɩɟɪɜɵɯ ɷɬɚɩɨɜ ɜ ɢɫɫɥɟɞɨɜɚɧɢɢ ɭɪɚɜɧɟɧɢɹ (1) ɹɜɥɹɟɬɫɹ ɭɫɬɚɧɨɜɥɟɧɢɟ ɚɩɪɢɨɪɧɵɯ 
ɨɰɟɧɨɤ ɪɟɲɟɧɢɹ ɷɬɨɝɨ ɭɪɚɜɧɟɧɢɹ ɜ ɦɟɬɪɢɤɟ 0 2

1( )ɋ S . 

ɂɦɟɟɬ ɦɟɫɬɨ ɭɬɜɟɪɠɞɟɧɢɟ ɨ ɪɚɫɩɨɥɨɠɟɧɢɢ ɩɨɜɟɪɯɧɨɫɬɢ F  ɦɟɠɞɭ ɫɮɟɪɚɦɢ 
1

2S  ɢ 
2

2S  

( 1 2  ) ɩɪɢ ɭɫɥɨɜɢɢ: 2

1( , , )K u v 


 , ɟɫɥɢ 2   ɢ 2

1( , , )K u v 


 , ɟɫɥɢ 1   Д1Ж. 

Ⱥɧɚɥɢɬɢɱɟɫɤɢ ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɩɪɢ ɭɤɚɡɚɧɧɵɯ ɨɝɪɚɧɢɱɟɧɢɹɯ ɧɚ ɮɭɧɤɰɢɸ ( , , )K u v   ɢɦɟɸɬ 

ɦɟɫɬɨ ɨɰɟɧɤɢ 1 2     ɜ ɦɟɬɪɢɤɟ 0 2
1( )ɋ S  ɪɟɲɟɧɢɹ ( , )u v  ɭɪɚɜɧɟɧɢɹ (1). 

ɉɟɪɟɣɞɟɦ ɤ ɪɚɫɫɦɨɬɪɟɧɢɸ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɬɢɩɚ Ɇɨɧɠɚ – Ⱥɦɩɟɪɚ ɨɛɳɟɝɨ ɜɢɞɚ 
ɧɚ 2

1S  Д2Ж: 
2 2

11 22 12 11 1

2
12 22 2

1

Д ( ) ( ) ( , )Ж

2 ( ) Д ( ) ( ) ( , )Ж
( , , , , ) ( , , ) ( , , , , ).

v

u v u

u v u v

П u v
П П u v

D u v u v D u v

        

         
       

    

       

  

  (2) 

Ɂɞɟɫɶ ( , )u v  – ɥɨɤɚɥɶɧɵɟ ɝɟɨɝɪɚɮɢɱɟɫɤɢɟ ɤɨɨɪɞɢɧɚɬɵ 2
1S ; R  ; 11 , 12 , 22  – ɜɬɨɪɵɟ ɤɨɜɚ-

ɪɢɚɧɬɧɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ( , )u v   ɨɬɧɨɫɢɬɟɥɶɧɨ ɦɟɬɪɢɤɢ 2
1S . 

ȼ Д2Ж ɭɤɚɡɚɧɵ ɭɫɥɨɜɢɹ ɨɬɪɢɰɚɬɟɥɶɧɨɣ ɷɥɥɢɩɬɢɱɧɨɫɬɢ ɭɪɚɜɧɟɧɢɹ (2): 
1. ( ) 0П   , ( ) 0   , 1( , ) 0u v  , 2 ( , ) 0u v  ; 

2. 2
1 0Аɋ В D D    , , ,А B ɋ  – ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ 11 , 122 , 22  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ; D  ɢ 

1D  ɟɫɬɶ ɮɭɧɤɰɢɢ ɨɬ , , , ,u vu v    . 
Ⱦɥɹ ɭɪɚɜɧɟɧɢɹ (2) ɞɨɤɚɠɟɦ ɭɬɜɟɪɠɞɟɧɢɟ, ɤɨɬɨɪɨɟ ɜ ɚɧɚɥɢɬɢɱɟɫɤɨɦ ɩɥɚɧɟ ɚɧɚɥɨɝɢɱɧɨ ɬɟɨɪɟɦɟ 

ɨ ɪɚɫɩɨɥɨɠɟɧɢɢ ɩɨɜɟɪɯɧɨɫɬɢ F , ɡɚɞɚɧɧɨɣ ɝɚɭɫɫɨɜɨɣ ɤɪɢɜɢɡɧɨɣ ɜ 3ȿ , ɦɟɠɞɭ ɤɨɧɰɟɧɬɪɢɱɟɫɤɢɦɢ ɫɮɟ-

ɪɚɦɢ 
1

2S  ɢ 
2

2S  ( 1 2  ). 

Ɍɟɨɪɟɦɚ. ɉɪɢ ɧɚɥɨɠɟɧɢɢ ɧɚ ɮɭɧɤɰɢɸ ),,(  vu  ɭɪɚɜɧɟɧɢɹ (2) ɫɥɟɞɭɸɳɢɯ ɭɫɥɨɜɢɣ: 

1. 0),,(  vu , ɟɫɥɢ 1  ; 

2. 0( , , )u v   , ɟɫɥɢ 2  , ɝɞɟ 1 2   ɢ 0  ɟɫɬɶ ɨɬɧɨɲɟɧɢɟ 
1

( , , ,0,0)
( , , ,0,0)

D u v
D u v




, ɫɩɪɚɜɟɞɥɢɜɵ 

ɨɰɟɧɤɢ ɪɟɲɟɧɢɹ ( , )u v  ɭɪɚɜɧɟɧɢɹ (2): 1 2( , )u v    . 
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Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
ɉɪɟɠɞɟ ɜɫɟɝɨ ɨɬɦɟɬɢɦ, ɱɬɨ ɜ ɫɢɥɭ ɤɨɦɩɚɤɬɧɨɫɬɢ ɫɮɟɪɵ 2

1S  ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (2): ( , )u v   

ɤɥɚɫɫɚ 0 2
1( )ɋ S  ɞɨɫɬɢɝɚɟɬ ɧɚ 2

1S  ɦɢɧɢɦɚɥɶɧɨɝɨ ɢ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɣ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɜ ɬɨɱɤɚɯ 

0 0( , )u v  ɢ 1 1( , )u v . ȼ ɷɤɫɬɪɟɦɚɥɶɧɵɯ ɬɨɱɤɚɯ 11 uu  , 12 uv  , 22 vv  , 0u v   . 

ɉɨɥɭɱɢɦ ɨɰɟɧɤɭ ɫɜɟɪɯɭ ɞɥɹ ɪɟɲɟɧɢɹ ( , )u v  ɭɪɚɜɧɟɧɢɹ (2). 
ȼɜɟɞɟɦ ɤɜɚɞɪɚɬɢɱɧɭɸ ɮɨɪɦɭ: 

2 2 2 2
1 2( ( ) ( ) ( , )) 2 ( ) ( ( ) ( ) ( , ))v u v uП u v П П u v                         .  

ɗɬɚ ɮɨɪɦɚ ɧɟ ɹɜɥɹɟɬɫɹ ɩɨɥɨɠɢɬɟɥɶɧɨɣ. 
Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɞɢɫɤɪɢɦɢɧɚɧɬ ɟɟ ɪɚɜɟɧ  

2 2 2 2 2
1 2

2 2 2
1 2 1 2

( ( ) ( ) ( , ))( ( ) ( ) ( , )) 2 ( )
( ) ( , ) ( ) ( ) ( , ) ( ) ( ) ( , ) ( , ) 0

v u u v

u v

П u v П u v П
u v П u v П u v u v

            

             

         

          
 

ɜ ɫɢɥɭ ɧɚɥɨɠɟɧɧɵɯ ɧɚ ɜɯɨɞɹɳɢɟ ɮɭɧɤɰɢɢ ɭɫɥɨɜɢɣ Д2Ж: ( ) 0П   , ( ) 0   , 1( , ) 0u v  , 2 ( , ) 0u v  . 

ɉɟɪɜɵɣ ɤɨɷɮɮɢɰɢɟɧɬ ɮɨɪɦɵ: 2
1( ) ( ) ( , ) 0vП u v         ɜɫɥɟɞɫɬɜɢɟ ɬɟɯ ɠɟ ɭɫɥɨɜɢɣ.  

Ɍɨɝɞɚ ɜɜɟɞɟɧɧɚɹ ɜɵɲɟ ɮɨɪɦɚ  
2 2 2 2

1 2( ( ) ( ) ( , )) 2 ( ) ( ( ) ( ) ( , )) 0v u v uП u v П П u v                          . 

ȼ ɬɨɱɤɟ 1 1( , )u v  ɦɚɤɫɢɦɭɦɚ ɮɭɧɤɰɢɢ ( , )u v  ɢɦɟɟɦ: 2 2 22 0uu uv vvН Нu НuНv Нv       , 

11 0uu     , 22 0vv     . 

ɂɫɫɥɟɞɭɟɦ ɜɵɪɚɠɟɧɢɟ:  
2 2

11 1 12 22 2Д ( ) ( ) ( , )Ж 2 ( ) Д ( ) ( ) ( , )Жv u v uП u v П П u v                          , ɤɨɬɨɪɨɟ ɩɪɟɞ-
ɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɱɚɫɬɶ ɭɪɚɜɧɟɧɢɹ (2). 

ȼ ɬɨɱɤɟ ),( 11 vu  ɞɚɧɧɨɟ ɜɵɪɚɠɟɧɢɟ ɩɪɢɧɢɦɚɟɬ ɜɢɞ: 11 1 22 2( ) ( , ) ( ) ( , )u v u v            ɢ ɹɜɥɹ-

ɟɬɫɹ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɦ, ɬɚɤ ɤɚɤ 11 0  , 22 0  , ɚ ( )  , 1( , )u v , 2 ( , )u v  ɩɨɥɨɠɢɬɟɥɶɧɵ ɩɨ ɭɫɥɨ-
ɜɢɸ. 

ɂɬɚɤ, 11 1 22 2( ) ( , ) ( ) ( , ) 0u v u v            . 

ɍɪɚɜɧɟɧɢɟ (2) ɜ ɬɨɱɤɟ ),( 11 vu  ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɫɥɟɞɭɸɳɟɟ ɪɚɜɟɧɫɬɜɨ: 
2

11 22 12 11 1 22 2

1

( ) ( , ) ( ) ( , ) ( , , , , )
( , , ) ( , , , , ).

u v

u v

u v u v D u v
u v D u v

             
    

      

 
 

Ɂɞɟɫɶ 2
11 22 12 0    , ɬɚɤ ɤɚɤ 2Н   ɜ 1 1( , )u v  ɨɩɪɟɞɟɥɟɧɚ.  

Ɍɨɝɞɚ 2
11 22 12 11 1 22 2( ) ( , ) ( ) ( , )u v u v                ɟɫɬɶ ɫɭɦɦɚ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɯ ɫɥɚɝɚɟɦɵɯ 

ɭɪɚɜɧɟɧɢɹ (2) ɜ ɬɨɱɤɟ 1 1( , )u v . ɗɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ 1( , , ) ( , , ,0,0) ( , , ,0,0) 0u v D u v D u v      , ɬ.ɟ. 

0
1

( , , ,0,0)( , , )
( , , ,0,0)

D u vu v
D u v


  


  . 

ɂɬɚɤ, ɜ ɬɨɱɤɟ ɦɚɤɫɢɦɭɦɚ ɮɭɧɤɰɢɢ ( , )u v  : 

0( , , )u v    (3) 

ɉɪɢɦɟɦ ɞɨɩɭɳɟɧɢɟ, ɱɬɨ 2( , )u v  , ɬɨɝɞɚ ɩɨ ɭɫɥɨɜɢɸ ɬɟɨɪɟɦɵ 0( , , )u v   , ɱɬɨ ɩɪɨɬɢɜɨ-

ɪɟɱɢɬ (3). ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 1 1 2( , )u v  . ȼ ɷɬɨɦ ɫɥɭɱɚɟ 1 1 2( , ) ( , )u v u v    , ɬ.ɟ. 2( , )u v  . Ɍɟɦ ɫɚ-

ɦɵɦ ɨɰɟɧɤɚ ɫɜɟɪɯɭ ɧɚ ɪɟɲɟɧɢɟ ( , )u v  ɭɪɚɜɧɟɧɢɹ (2) ɩɨɥɭɱɟɧɚ. 

Ɉɰɟɧɢɦ ɬɟɩɟɪɶ ɪɟɲɟɧɢɟ ( , )u v  ɭɪɚɜɧɟɧɢɹ (2) ɫɧɢɡɭ. 
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ɉɭɫɬɶ 0 0( , )u v  – ɬɨɱɤɚ ɦɢɧɢɦɭɦɚ ( , )u v , ɬɨɝɞɚ 2 0Н   , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, 2
11 22 12 0    . 

Ɉɬɪɢɰɚɬɟɥɶɧɚɹ ɷɥɥɢɩɬɢɱɧɨɫɬɶ ɭɪɚɜɧɟɧɢɹ (2) ɨɡɧɚɱɚɟɬ, ɱɬɨ ɤɜɚɞɪɚɬɢɱɧɚɹ ɮɨɪɦɚ 
2 2

22 1 12 11 2( , ) ( ( ) ( , )) 2 ( ( ) ( , )) 0Ɍ Ф u v u v                     Д2Ж. 
ɂɫɫɥɟɞɭɟɦ ɜɵɪɚɠɟɧɢɟ:  

2 2
11 22 1 12 12 22 11 2( ( ) ( ) ( , )) 2( ( ) ) ( ( ) ( ) ( , ))v u v uП u v П П u v                           . 

ȼ ɬɨɱɤɟ 0 0( , )u v  ɷɬɨ ɜɵɪɚɠɟɧɢɟ ɩɪɢɧɢɦɚɟɬ ɜɢɞ:  
2

11 22 1 12 22 11 2( ( ) ( , )) 2 ( ( ) ( , ))u v u v                . 
Ɉɩɪɟɞɟɥɢɦ ɡɧɚɤ ɞɚɧɧɨɝɨ ɜɵɪɚɠɟɧɢɹ. 
ȼ 0 0( , )u v  2 0Н   , ɩɨɷɬɨɦɭ 11 220, 0   ; 22 1( ) ( , ) 0u v      , 11 2( ) ( , ) 0u v       

ɜɫɥɟɞɫɬɜɢɟ ɬɨɝɨ, ɱɬɨ ( , ) 0Ɍ Ф   , 2
122 0  , ɩɨɷɬɨɦɭ  

2
11 22 1 12 22 11 2( ( ) ( , )) 2 ( ( ) ( , )) 0u v u v                 , ɢɥɢ  

2 2
11 22 12 11 22 12 11 1 22 2( ) ( , ) ( ) ( , ) 0u v u v                     .  

Ɍɚɤ ɤɚɤ 2
11 22 12 0    , ɬɨ  
2

11 22 12 11 1 22 2( ) ( , ) ( ) ( , ) 0u v u v                . (4) 

ɍɪɚɜɧɟɧɢɟ (2) ɜ ɬɨɱɤɟ 0 0( , )u v  ɩɪɟɨɛɪɚɡɭɟɬɫɹ:  
2

11 22 12 11 1 22 2

1

( ) ( , ) ( ) ( , ) ( , , ,0,0)
( , , ) ( , , ,0,0).

u v u v D u v
u v D u v

           
  

      
 

 

ɂɡ (14) ɢɦɟɟɦ 1( , , ) ( , , ,0,0) ( , , ,0,0) 0u v D u v D u v      .  

Ɉɬɫɸɞɚ 0
1

( , , ,0,0)( , , )
( , , ,0,0)

D u vu v
D u v

  


  . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ,  

0( , , )u v    (5) 

ȿɫɥɢ ɩɪɟɞɩɨɥɨɠɢɬɶ, ɱɬɨ 0 0 1( , )u v  , ɬɨ ɩɨ ɭɫɥɨɜɢɸ ɬɟɨɪɟɦɵ 0( , , )u v   , ɱɬɨ ɩɪɨɬɢɜɨɪɟ-

ɱɢɬ (5). ɗɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ 1 0 0( , ) ( , )u v u v    , ɢɥɢ 1 ( , )u v  , ɬ.ɟ. ɨɰɟɧɤɚ ɫɧɢɡɭ ɜ 0 2
1( )ɋ S  ɞɥɹ ɪɟ-

ɲɟɧɢɹ ( , )u v   ɭɪɚɜɧɟɧɢɹ (2) ɩɨɥɭɱɟɧɚ. 

Ɍɟɨɪɟɦɚ ɞɨɤɚɡɚɧɚ: 1 2( , )u v    . 

ɋɥɟɞɫɬɜɢɟ 1. ɍɪɚɜɧɟɧɢɟ (1) – ɱɚɫɬɧɵɣ ɫɥɭɱɚɣ ɭɪɚɜɧɟɧɢɹ (2) ɩɪɢ ( ) 0    , 2( ) 0П 


  , 

2
1( , ) sТЧ 0u v u   , 2 ( , ) 1 0u v   , ( , , ) ( , , )u v K u v   , 2 2 2 2 2( , , , , ) 2 sТЧ 2 sТЧ )u v u vD u v u u        , 

 22 2 2 2 2

1 2

sТЧ sТЧ
( , , , , )

sТЧ
u v

u v

u u
D u v

u
  

  
 

 . 

Ⱦɚɥɟɟ: 
2 2

2
0 4 4 2

1

( , , ,0,0) sТЧ 1sТЧ
( , , ,0,0) sТЧ

D u v u u
D u v u

 
  

   . 

ȿɫɥɢ 02

1( , , )K u v  


   ɩɪɢ 1  , 02

1( , , )K u v  


   ɩɪɢ 2  , ɬɨ : ( , )F u v   ɪɚɫɩɨ-

ɥɨɠɟɧɚ ɦɟɠɞɭ ɤɨɧɰɟɧɬɪɢɱɟɫɤɢɦɢ ɫɮɟɪɚɦɢ 
1

2S  ɢ 
2

2S  ( 1 2  ), ɬ.ɟ. ɢɦɟɟɬ ɦɟɫɬɨ ɨɰɟɧɤɚ ( , )u v  ɜ ɦɟɬ-

ɪɢɤɟ ɫɮɟɪɵ 2
1S : 1 2( , )u v    . 

Ʉɚɤ ɜɢɞɧɨ, ɫɥɟɞɫɬɜɢɟ ɬɟɨɪɟɦɵ ɩɨɥɧɨɫɬɶɸ ɫɨɜɩɚɞɚɟɬ ɫ ɪɟɡɭɥɶɬɚɬɨɦ, ɩɨɥɭɱɟɧɧɵɦ ɜ Д1Ж. 
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ɋɥɟɞɫɬɜɢɟ 2. Ɂɚɞɚɱɚ ɜɨɫɫɬɚɧɨɜɥɟɧɢɹ ɪɟɝɭɥɹɪɧɨɣ ɜɵɩɭɤɥɨɣ ɝɨɦɟɨɦɨɪɮɧɨɣ ɫɮɟɪɟ 2
1S  ɩɨɜɟɪɯ-

ɧɨɫɬɢ F  ɫ ɡɚɞɚɧɧɨɣ ɮɭɧɤɰɢɟɣ ɝɚɭɫɫɨɜɨɣ ɤɪɢɜɢɡɧɵ ɜ ɬɪɟɯɦɟɪɧɨɦ ɝɢɩɟɪɛɨɥɢɱɟɫɤɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ 3ɇ  
( 3 0)

H
K const   ɜ ɚɧɚɥɢɬɢɱɟɫɤɨɦ ɚɫɩɟɤɬɟ ɩɪɢɜɨɞɢɬ ɤ ɢɫɫɥɟɞɨɜɚɧɢɸ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 

ɧɚ ɫɮɟɪɟ 2
1S  ɤɚɤ ɞɜɭɦɟɪɧɨɦ ɦɧɨɝɨɨɛɪɚɡɢɢ ɫɥɟɞɭɸɳɟɝɨ ɜɢɞɚ Д3Ж: 

2 2 2 2
11 22 12 11 12 22

2
2 2 2 2 2 2 2 2

2 2 2 2 2 2

ТЧЭ 2

(2 ) 2 (2 МШs )

( МШs ) 2 2 МШs МШs
МШs
( МШs МШs )( , , ) .

МШs

v u v u

u
v u v

u v

ctС sС cС ctС ctС sС cС v

v v sС v
v

v sС vK u v
v

                


   

  


          

     

  


 (6) 

ɍɪɚɜɧɟɧɢɟ (6) – ɨɬɪɢɰɚɬɟɥɶɧɨ ɷɥɥɢɩɬɢɱɧɨ ɩɪɢ ТЧЭ ( , , ) 1K u v    ; ɚɬɥɚɫ 2
1S  ɜɵɛɪɚɧ ɬɚɤ, ɱɬɨ ɜ 

ɤɚɠɞɨɣ ɤɚɪɬɟ ɥɨɤɚɥɶɧɵɟ ɤɨɨɪɞɢɧɚɬɵ ,u v  ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɭɫɥɨɜɢɸ: МШs 0v   . ɉɨ-ɩɪɟɠɧɟɦɭ 11 , 

12 , 22  – ɜɬɨɪɵɟ ɤɨɜɚɪɢɚɧɬɧɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ( , )u v   ɨɬɧɨɫɢɬɟɥɶɧɨ ɦɟɬɪɢɤɢ 2
1S . ɍɪɚɜɧɟɧɢɟ 

( , )u v   ɨɩɪɟɞɟɥɹɟɬ ɩɨɜɟɪɯɧɨɫɬɶ F , ɜ ɤɚɠɞɨɣ ɬɨɱɤɟ ɤɨɬɨɪɨɣ ɝɚɭɫɫɨɜɚ ɤɪɢɜɢɡɧɚ ɫɨɜɩɚɞɚɟɬ ɫ ɡɚɞɚɧ-

ɧɨɣ ɜ  3 Еɇ Ɉ  ɮɭɧɤɰɢɣ ɩɪɨɫɬɪɚɧɫɬɜɚ ТЧЭ ( , , )K u v  , Ɉ  – ɮɢɤɫɢɪɨɜɚɧɧɚɹ ɬɨɱɤɚ 3ɇ , 2
1S  ɢɦɟɟɬ ɰɟɧɬɪ ɜ 

ɬɨɱɤɟ Ɉ . 
ɍɪɚɜɧɟɧɢɟ (6) ɟɫɬɶ ɱɚɫɬɧɵɣ ɫɥɭɱɚɣ ɭɪɚɜɧɟɧɢɹ (2):  

( ) 0sС cС     , ( ) 2 0П ctС   , 1( , ) 1 0u v   , 2
2 ( , ) МШs 0u v v   , 

2
2 2 2 2 2 2 2 2( , , , , ) 2 2 МШs МШs ( МШs )

МШs
u

u v u v vD u v v sС v v
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ȿɫɥɢ ТЧЭ 02

1K
sС




   ɩɪɢ 1  , ТЧЭ 02

1K
sС




   ɩɪɢ 2  , ɬɨ ɪɟɲɟɧɢɟ ( , )u v  ɭɪɚɜɧɟɧɢɹ 

(6) ɢɦɟɟɬ ɨɰɟɧɤɢ ( , )u v  ɜ 0 2
1( )ɋ S : 1 2( , )u v    . 

ɋ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɬɨɱɤɢ ɡɪɟɧɢɹ ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɩɨɜɟɪɯɧɨɫɬɶ : ( , )F u v   ɥɟɠɢɬ ɦɟɠɞɭ 

ɤɨɧɰɟɧɬɪɢɱɟɫɤɢɦɢ ɫɮɟɪɚɦɢ ɫ ɰɟɧɬɪɨɦ Ɉ  ɢ ɪɚɞɢɭɫɚɦɢ 1  ɢ 2  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ( 1 2  ). 

Ɋɟɡɭɥɶɬɚɬ ɫɥɟɞɫɬɜɢɹ 2 ɚɧɚɥɨɝɢɱɟɧ ɪɟɡɭɥɶɬɚɬɭ ɪɚɛɨɬɵ Д3Ж. 
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